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SINGULAR INTEGRALS OF STABLE SUBORDINATOR
LIHU XU
Abstract
It is well known that
∫ 1
0
t−θdt <∞ for θ ∈ (0, 1) and
∫ 1
0
t−θdt =∞ for θ ∈ [1,∞).
Since t can be taken as an α-stable subordinator with α = 1, it is natural to ask
whether
∫ 1
0
t−θdSt has a similar property when St is an α-stable subordinator with
α ∈ (0, 1). We show that θ = 1
α
is the border line such that
∫ 1
0
t−θdSt is finite a.s.
for θ ∈ (0, 1
α
) and blows up a.s. for θ ∈ [ 1
α
,∞). When α = 1, our result recovers
that of
∫ 1
0
t−θdt. Moreover, we give a p-th moment estimate for the integral when
θ ∈ (0, 1
α
).
Keywords: α-stable subordinator, singular integral of α-stable subordinator.
1. MAIN RESULT
It is well known that
∫ 1
0
t−θdt <∞ for θ ∈ (0, 1) and
∫ 1
0
t−θdt =∞ for θ ∈ [1,∞). Since
t is an α-stable subordinator with α = 1, it is natural to ask whether
∫ 1
0
t−θdSt has a similar
property when St is an α-stable subordinator with α ∈ (0, 1). We show that θ =
1
α
is the
border line such that the integral is finite for θ ∈ (0, 1
α
) and blows up for θ ∈ [1,∞). When
α = 1, our result recovers that of
∫ 1
0
t−θdt.
Recall thatα-stable subordinatorSt withα ∈ (0, 1) is a non-negative real valued increasing
Lévy process with the Laplcace transform
Ee−λSt = exp (−λαt) , ∀ λ > 0
where α ∈ (0, 1) and the intensity Lévy measure is
ν(dy) = cαy
−α
2
−11(0,∞)(y)dy
where cα =
α
Γ(1−α)
, see [1, p. 73]. Note that St = t when α = 1.
Our main theorem is
Theorem 1.1. Let St be a stable subordinator of index α ∈ (0, 1).
(1). If θ ∈ [ 1
α
,∞), we have
(1.1)
∫ T
0
t−θdSt =∞ ∀ T > 0, a.s..
(2). If θ ∈ (0, 1
α
), Then
(1.2)
∫ T
0
t−θdSt <∞ ∀ T > 0, a.s..
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(3). If θ ∈ (0, 1
α
), for any p ∈ (0, α) we have
(1.3) E
(∫ T
0
t−θdSt
)p
≤
(
2
p
α
+pθ
ES
p
1
2
p
α − 2pθ
+ 1
)
T (
1
α
−θ)p, T > 0.
(4). For any λ > 0 and p ∈ (0, α), we have
(1.4) E
(∫ T
0
e−λ(t−s)dSt
)p
≤
epλ
epλ − 1
ES
p
1 , T > 0.
2. PROOF OF THE MAIN RESULT
It is well known that an α-stable subordinator St with α ∈ (0, 1) is a pure jump process
which is càdlàg and strictly increasing almost surely, i.e.,
(2.1) P (St is ca`dla`g and strictly increasing and only has pure jumps.) = 1.
Indeed, a stable type process only has pure jumps and càdlàg trajectories, by [12, Lemma
2.1], with probability 1, the jump points of St are dense. So, (2.1) holds.
Let us now prove Theorem 1.1, to this end, we first show the following lemma.
Lemma 2.1. Let St be a stable subordinator of index α ∈ (0, 1). (1). For θ ∈ [
1
α
,∞), we
have
(2.2)
∫ T
0
t−θdSt =∞ ∀ T > 0, a.s..
(2). For θ ∈ (0, 1
α
), we have
(2.3)
∫ T
0
t−θdSt <∞ ∀ T > 0, a.s.
and
(2.4)
∫ T
0
t−θdSt = T
−θST + θ
∫ T
0
t−θ−1Stdt ∀ T > 0, a.s..
Proof. Let ℓt be a path of St. By (2.1), with probability 1, ℓt is ca`dla`g and strictly increasing
and only has pure jumps.
(1). When θ ≥ 1
α
, let 0 < ε < T , we have∫ T
0
t−θdℓt ≥
∫ ε
0
t−θdℓt ≥ ε
−θℓε.
By [1, Proposition 10], take h(x) = xθ and note Φ(x) = xα therein, we have∫ 1
0
Φ
(
1
h(x)
)
dx =
∫ 1
0
(x−θ)αdx = ∞.
Hence, with probability 1, we have
lim sup
ε→0+
ε−θℓε = ∞,
which implies that ∫ T
0
t−θdℓt = ∞.
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(2). Using integration by parts for Stieltjes integral [5], for any small ǫ > 0,
(2.5)
∫ T
ε
t−θdℓt = ℓTT
−θ
− ε−θℓε + θ
∫ T
ε
t−θ−1ℓtdt
Taking h(t) = t
1
α
−δ with some 0 < δ < 1
α
− θ, we have 0 < θ < 1
α
− δ and∫ 1
0
h−α(t)dt < ∞.
By [1, Proposition 10], with probability 1, we have
lim
t↓0
ℓt
h(t)
= 0,
and thus
(2.6) lim
ε↓0
ε−θℓε ≤ lim
ε↓0
ℓε
h(ε)
= 0.
Moreover, with probability 1, for t ∈ (0, 1) we have
ℓt
tθ+1
=
ℓt
h(t)
t−1+(
1
α
−δ−θ) ≤ Ct−1+(
1
α
−δ−θ).
Since t−1+(
1
α
−δ−θ) is integrable over (0, 1), with probability 1, we have
(2.7) lim
ε↓0
∫ T
ε
t−θ−1ℓtdt <∞.
We may take ε→ 0+ in (2.5) and get
(2.8)
∫ T
0
t−θdℓt = ℓTT
−θ + θ
∫ T
0
t−θ−1ℓtdt with probability 1.
Since the above argument holds for the sample path ℓt (of subordinator St) with probability
1, (1)-(2) of the lemma hold. 
Proof of Theorem 1.1. The relations in (1) and (2) have been proved, it remains to show that
the estimates in (3) and (4) hold.
Since p ∈ (0, α), we have p ∈ (0, 1). By (2.4) and the easy inequality (a + b)p ≤ ap + bp
for a, b ≥ 0, we have
E
(∫ T
0
t−θdSt
)p
≤ E
(
ST
T θ
)p
+ E
(∫ T
0
Stt
−θ−1dt
)p
By the scaling property ES
p
T = T
p
αES
p
1 , we have
E
(
ST
T θ
)p
≤ T
p
α
−pθ
ES
p
1 .
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For any small ε > 0, as n is sufficiently large so that T
2n+1
≤ ε, we have
E
(∫ T
ε
Sr
rθ+1
dr
)p
≤ E
(
n∑
k=0
∫ T
2k
T
2k+1
Sr
rθ+1
dr
)p
≤
n∑
k=0
E
(∫ T
2k
T
2k+1
Sr
rθ+1
dr
)p
≤
n∑
k=0
E
(∫ T
2k
T
2k+1
(
T
2k+1
)−θ−1
S T
2k
dr
)p
=
(
2
T
)θp ∞∑
k=0
2kθpESpT
2k
.
By the scaling property ES
p
t = t
p
αES
p
1 again, we obtain
E
(∫ T
ε
Sr
rθ+1
dr
)p
≤ ES
p
1
(
2
T
)θp
T
p
α
∞∑
k=0
2kp(θ−
1
α
),(2.9)
which immediately gives the bound in (3), as desired.
For the second bound, by the scaling property ES
p
t = t
p
αES
p
1 , we have
E
(∫ T
0
e−λ(T−t)dSt
)p
≤ E

 [T ]∑
k=0
∫ k+1
k
e−λ(T−t)dSt


p
≤
[T ]∑
k=0
E
(∫ k+1
k
e−λ(T−t)dSt
)p
≤
[T ]∑
k=0
e−pλ(T−k−1)E (Sk+1 − Sk)
p
= ESp1
[T ]∑
k=0
e−pλ(T−k−1) ≤ ESp1
∞∑
k=0
e−pkλ,
which implies the estimate in (4) immediately. The proof is completed. 
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